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Abstract

We introduce generalised geometry in the form given through structure group
O(d,d). Then we present a study of consistent truncations on the S? sphere by
employing the GL™ (d + 1,R) generalised geometry. We show how a generalised
global frame algebra with constant coefficients naturally gives a notion of "gener-
alised parallelisability" to the original manifold. Then a generalised Scherk-Schwarz
reduction acts as a consistent truncation and encodes the scalar fields of the reduced
theory. We prove that all spheres S? admit generalised parallelisations and as a con-
sequence, all sphere compactifications, including the consistent truncations, can be
viewed as generalised Scherk-Schwarz reductions. Finally we present an applica-

tion and discussion on the special case of S°.
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Chapter 1

Introduction

Modern Theoretical Physics is based on the principle that at the core of every fun-
damental theory there are a priori acceptable symmetries. General Relativity, for
example, the first modern theory of gravity, is constructed on the symmetry group
of local diffeomorphisms on the four-dimensional space-time manifold. In order to
understand the theory, one has to employ the appropriate mathematical framework
to make these fundamental symmetries obvious.

Supergravity extends the theory of General Relativity with the requirement that
the space-time manifold also preserves Supersymmetry. The properties of Super-
symmetry in eleven dimensions for example dictates the content of the Supergrav-
ity field multiplet forcing it to include among others a two-form field B, called
the B-field, a scalar field ¢ called the dilaton and a g, field called the graviton
[26]. These compose a sector of the Supergravity called the Neveu-Schwarz or the
NSNS sector. Some of these fields, as an example here the B-field, exhibit other
types of symmetries, such as, in this case, gauge symmetries. In studying Super-
gravity, building an extension of our mathematical framework that includes both
diffeomorphisms and gauge symmetries provides an improved avenue for under-
standing this fundamental theory better.

Such an extension is provided by Generalised Geometry. It is a new framework
that expands the key notions of differential geometry to explore the generalised tan-

gent space, defined as the direct sum of multi-vector tangent spaces and form-field
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tangent spaces. This allows one to define further generalised objects such as a gen-
eralised Lie derivative, generalised Lie bracket, generalised frame or generalised
metric and use them in a coherent way that makes obvious the covariance. Beyond
this however, Generalised Geometry can be utilised for even more purposes when
it comes to Supergravity as will become apparent very shortly.

The main purpose of this work is to study consistent truncations of Supergrav-
ity theories on round d-spheres. A truncation of a Supergravity is a reduction of
the theory that only keeps a finite subset of fields from the original un-truncated
multiplet. A consistent truncation on the other hand is a reduction of the content
of the theory with the condition that any solution of the truncated theory is also a
solution of the un-truncated one. A consistent truncation hence preserves the same
number of supersymmetries as the original un-truncated theory.

There are numerous documented situations of consistent truncations of Super-
gravity theories, for which [7] presents an appropriate review. A classic example is
a local group manifold M with a notion of parallelisability (i.e. it is parallelisable),
given by the property that it admits a global frame é, on M and the Lie bracket of

the frame satisfies

[éar éb] = fabcéc

with constant coefficients f,;°. If additionally f,;," = 0, called the "unimodular con-
dition" [22], then we have a consistent truncation on M [29] [28]. And "if the theory
is pure metric, the scalar fields in the truncated theory come from deformations of
the internal metric" [22], such as for example through a Scherk-Schwarz reduction
given by a rotation of the global frame [29] [28].

When it comes to spheres however, there is a small set of remarkable consistent
truncations, apart from which the majority of cases of reductions are not consis-
tent [22], and there is “no known algorithmic prescription” [7] to explain how the
special ones arise.

This work will present how by employing Generalised Geometry on the S*
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sphere, specifically GL™ (d + 1,R) Generalised Geometry, one can arrive at a no-
tion of generalised parallelisability by defining a generalised global frame {£,} on

the generalised tangent space which satisfies [22]
Lg Ep = XasCEc (1.1)

with constant X 43, making M an analogue of a local group manifold in Gener-
alised Geometry terms [13]. Given the general parallelisation {£4}, we are lead
to the conjecture based on analogy with the regular case that there is a consistent
truncation on M that keeps the same number of symmetries and the theory’s scalar
fields are given through a generalised version of Scherk-Schwarz reductions, i.e.
rotations of the generalised frame. [22] We will hence show that "all spheres 5% are
generalised parallelisable" [22].

The thesis is structured as follows. The first chapter after the Introduction,
Chapter 2, reviews key notions from differential geometry needed for the calcu-
lations, and then introduces key concepts from Bundle theory that are required
to set up any generalised geometry framework. Chapter 3 introduces the O(d, d)
Generalised Geometry as a building block for more complicated geometries and all
the necessary generalised objects (Dorfman derivative, Courant bracket etc, gen-
eralised metric) that will be used for the following cases as well. Chapter 4 intro-
duces the GL*(d + 1,R) Generalised Geometry and its conformal split frame as
part of defining a generalised global frame. Chapter 5 sets up the notion of gen-
eralised parallelisability on the S? sphere and then proceeds to define generalised
Scherk-Schwarz reductions and analyse the field content after consistent trunca-
tions from the standpoint of generalised geometry, proving our conjecture from the
Introduction. Finally, Chapter 6 studies an application on the special case of S° also
analysing the link with gauged Supergravity. In the end, we present the Conclu-

sions (7).



Chapter 2

Fundamental Concepts for

Generalised Geometry

In order to construct the Generalised geometry around any symmetry group, a
number of key notions that conceptualize the mathematical framework we aim to
generalize need to be defined. Once they are described, the next step is to illustrate
the key components that extend them into the language of Generalised geometry.
In this Chapter we will follow [23], [12], [18] and [20] to present the most important
notions from Differential Forms, Riemannian Geometry and Bundle Theory that
will be encountered in the following chapters when describing our Generalised

geometries.

2.1 Key Notions on Differential Forms

In this section we will very briefly recall several key notions on forms from Differ-

ential Geometry [18], [23] that will be used extensively in all subsequent chapters.

Definition 2.1.1 The exterior product of two forms A, p is defined using the Cartan
wedge product on the basis covectors as
A AY(M) x A(M) —  A"T2(M)

(2.1)
A, P — AAp
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given by
1
ANP = A P, @3 Ao xS AdxPE A pdxfe (2.2)

The exterior product satisfies graded commutativity and associativity.

Definition 2.1.2 The exterior derivative of a form field w = %walmardx“l A Adx®

is the natural notion of differentiation, denoted d:

d: A(M) — ATHM)

(2.3)
w — dw
where
d _1(0 dxt Ndx®™ A - N dx™ 24
w—ﬁ ﬁwal...m X X X (2.4)
d satisfies the graded Leibnitz rule, with A € A"'(M), p € A”2(M):
dANp) = (dA)ANp+ (—=1)2A A (dp) (2.5)

and is nilpotent d> = 0 due to symmetry of the partial derivative. This is an expres-
sion of the principle that "the boundary of a boundary is zero", since the action of
the exterior derivative d corresponds to taking the boundary of the surface associ-

ated with a differential r-form.

Definition 2.1.3 The interior product provided by a vector field X is a natural map
that reduces the degree of a form. Denoted ix,
iv: AN(M) — ANTYM)

(2.6)
w = ixw

it is given by
(ixw) = w(X) (2.7)
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or in coordinates,

1

T

XY Wypgooty XA - A dxhr (2.8)

From the definition it is also nilpotent i‘%( =0.

Definition 2.1.4 Let M be an m-dimensional manifold and p, p’ € M two points.
Given a vector field V, we may differentiate a vector field U with respect to V to
obtain another vector field. This is given by the Lie derivative, denoted Ly, defined

as in [18] by

UV(—e)*U\p/ - U, .

ﬁvu = lim
e—0 €

T,M (2.9)

where oy (€) : M — M is the integral curve through p with parameter € € R such

that p’ = oy (e)p.

Writing the vector field U in a coordinate basis, using its transformation laws and
noting the relation between the coordinates for the two points, U can be pulled
back from p’ to p. Then, Taylor expanding to linear order in ¢, it can be shown that

the Lie derivative of a vector field is given by
LyU = (v/saﬁu”‘ — uﬁa,;v“)aa (2.10)

In a similar manner it can be shown that the Lie derivative of a covector field is
given by
Ly = (vPIgA" + APogu)o, (2.11)

with A € T/M.

The Lie derivative gives the Lie bracket [12] as

LyU = [V, U] (2.12)



Chapter 2. Fundamental Concepts for Generalised Geometry 7

a bilinear, skew-symmetric map that also satisfies the Jacobi identity,

It can also be shown that for general forms, the Lie derivative can be written [18] in

terms of the interior product and exterior derivative as
Lyw = (diX + ixd)w (2.14)

where w is a general r-form on M.

2.2 Key Notions from Riemannian Geometry

Riemannian geometry is the structural framework in which Einstein’s theory of
gravitation is formulated. Its core aspect is that a differential manifold M can carry
an additional structure if it is equipped with a globally defined metric tensor g, that
will act as a natural generalization of the inner product between two vectors in IR,

to an arbitrary manifold.

Definition 2.2.1 Given a manifold M, A Riemannian metric is a (0, 2)-tensor field g

that is symmetric and positive, i.e. at any point p € M, for any vectors V, W € T, M,

g(V, W) =g(W,V)
(2.15)
g(V,V) >0

with equality in the second line only if V' = 0.

A Riemannian manifold is then defined as the pair (M, g) of differential manifold M

and metric g [18].

Definition 2.2.2 A pseudo-Riemannian metric is a symmetric (0, 2)-tensor field g, but

where instead of being positive, the second line above is replaced by the property
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that at a point p € M,
ifg(V,W)=0,VVeT,M=W=0 (2.16)

A pseudo-Riemannian manifold is then defined as the pair (M, g) of differential man-

ifold M and metric g with the weakened condition 2.16.
The metric tensor g defines the non-degenerate inner product at the point p € M,

g: IT,MxT,M — R
P P 2.17)
v, W — g(V,W)

as well as a canonical volume form Vol,, provided that the manifold M is ori-

Vol, = y/|det gu| dx' A -+ Adx™ (2.18)

which, although is independent of the coordinate chart, is also a pseudo-tensor, as

entable, given by

the sign of the volume element flips if it is defined on a manifold with the opposite

orientation, hence the requirement for the manifold to be orientable [18].

Definition 2.2.3 The Hodge star x, : A"M — A™7 "M is a natural isomorphism
between the space of r-forms and the space of (m — r)-forms, where m is the di-
mension of M and the map, induced by the metric g, is given for a general r-form

_ 1 .
W = Wy, dx" AL dxt by

*gW = r'(m‘(—ﬂr)'wﬂl.--urem'"y'um..-umdxy'“ ARRRRAY: 4 (2.19)

where e/1-+#n is the totally antisymmetric symbol, with components taking the val-
ues 1. Note that by contracting the original r-form defined on a r-dimensional
submanifold with the € symbol, we are implicitly using the metric, hidden inside
the mixed signature of €. This leads to a notion of "perpendicularity”, making the

(m — r)-form Hodge dual the local orthogonal complement of the initial r-form.
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Under this mapping, the volume element can be written as x¢1 = Vol, and we can

use the Hodge star to define an inner product on the vector space of r-forms

(,): AMxA'M — R

(2.20)
Moo o ()= [ AA )
which is symmetric (A, p) = (p, A) [18].
Definition 2.2.4 An affine connection V is a bilinear map [18]
V: I(TM)xT(TM) — T(TM)
(2.21)

u, Vv = VuV

where we use the notation I'(TM) for the space of the section of tangent bundle
TM (see more on bundles in the next section). For any U,V € TM and for any

f € F(M), V must satisfy

Vol = fvyl
! (2.22)

Vv(fU) = VIflU+ fVyU
We can write the affine connection with respect to a basis vector field, due to its
linearity, given by

Vies =T'es (2.23)

where the {T,,"} C F(M) are the connection components and V, := V,,.

2.3 Bundles

As the prerequisite mathematical framework from Differential Geometry has been
established, we will now proceed to laying the foundation of Generalised Geome-
try by defining its building blocks. Following [23], [20] and [30], this section will
present key concepts and objects from Bundle Theory that will be used to construct

Generalised geometries in the next chapters.
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2.3.1 Fibre Bundles

Definition 2.3.1 A (differentiable) fibre bundle (E, 7t, M, F, G) is the collection of the

following elements [23]:

1. A differentiable manifold E called the total space (sometimes simply referred

to as the bundle’
2. A differentiable manifold M called the base space

3. A surjective map 7 : E — M called the projection. In short, the bundle can be

written as E = M

4. A differentiable manifold F called the fibre. Forap € M, F, = n~}({p}) is
the fibre at p, where 71! is the inverse image (preimage) of 7. Then, Vp € M,

n1({p}) = F(ie. F, =F)

5. A Lie Group G called the structure group that acts on the fibre F on the left.

This is the group of transition functions

6. A set of open covering {U;} of M with a diffeomorphism ¢; : U; x F —
71 (u;) such that 7o ¢;(p, f) = p, with f € F, u; € U;. The map ¢; is called

the local trivialization

7. The maps t; : F — Fon U, NU; @, which we want to be elements of
PS i j

G, given by t;;(p) = cp;pl o ¢;,, where we write ¢;(p, f) = ¢i,(f). Then
¢ip : F — F,is a diffeomorphism, and ¢; and ¢; are related by the smooth
map t;; : U;NU; — G as ¢i(p, f) = ¢i(p, tij(p)f). The t;; maps are called the

transition functions € G

In order for the local pieces of the fibre bundle to be glued consistently, we also

require the following conditions on the transition functions [30]:
° tii(P) =1, pE U;

o tii(p) =t;j(p)~", pe Ui
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o ti(p) = tij(p)ti(p), p € UiNU; N Uy

Definition 2.3.2 Given fibre bundle E = M, a section of the bundle ¢ : M — E is
a smooth map that satisfies 7t o ¢ = 1. The set of all sections is denoted I'(M, F)

and it is clear that o (p) = 0|, € F, = 7w !(p).

Intuitively, the fibre at the point p € M is a set of points in E attached to the point
p and all the points in the fibre F, are sent to the point p by the projection map. On
the other hand, a section on the bundle is a map ¢ that takes each point p € M toa
certain point in its fibre F,, while the projection map 7 takes ¢(p) € F, C E back to

point p € M [30].

Definition 2.3.3 Given fibre bundle E = M, a subbundle is a bundle E’ i> M if
E'CE, M CM and v’ := mt|p.

Definition 2.3.4 Let E 5 M, E' = M’ be two fibre bundles. A bundle map is a
smooth map f : E/ — E that maps each fibre F, of E’ onto F; of E. This means that

f naturally induces a smooth map f : M’ — M such that f(p) = g (see below) [20].

E’ L> E u L,’ fu)
| \ \ |

S i A A
M Lowm p N q

Note that f is not necessarily a bundle map if it maps different parts of fibre F, onto

different fibres on E.

Definition 2.3.5 Given two manifolds M and N, the triple (M x N, 7r, M) is called

a product bundle if:

T:MxN— M
(2.24)

(p.g) = p

and 77 is a continuous and surjective map. A more extended description is provided

in [23].
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Definition 2.3.6 Two bundles E' > M and E % M are equivalent bundles if there

exists a bundle map f : E’ — E such that f : M — M is the identity map and f is a

diffeomorphism:
e Lok
4k
M idys M

such that the above diagram commutes.

Definition 2.3.7 Given two bundles E' > M’ and E -5 M and two maps u : E —

E'and v : M — M/, the pair (u, v) is a bundle morphism if 7’ ou = v o 71

u

E — E'

| r
L b
M % ow

Definition 2.3.8 Two bundles are isomorphic if there exist bundle morphisms (1, v)

and (u~1,v71!) satisfying:

E L

NG
R
M = M’

Then (u,v) is a bundle isomorphism and we write E LM % E = M’ [30].

I~
~

Definition 2.3.9 A vector bundle E ©> M is a fibre bundle whose fibre is a vector
space. The tangent bundle is a vector bundle because according to the definition, its
fibre is the vector space IR". The tangent bundle from Differential Geometry, which
isdefined as T(M) = ngTp(M)' can also be written as (T(M), 7, M, R", GL(m,R)),
with 77 : T(M) — M the projection map, differential manifold M and structure

group GL(m,R).
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Definition 2.3.10 A fibre bundle E = M is trivial if its base space M is contractible
to a point.

Another definition: A bundle E = M is trivial if it is isomorphic to a product
bundle.

A cylinder is an example of a trivial bundle (globally and locally), while the Mobius

strip is an example of an only locally trivial bundle. [30]

2.3.2 Principal and Associated Bundles

This subsection will define several key notions related to Principal Bundles and
then Associated Bundles. Speaking very broadly, a principal fibre bundle is a bundle
whose typical fibre is a Lie group. [30] They are a key concept that will reappear
in the following chapters when frame bundles and conformal split frames on the
Generalised geometry will be introduced. In the current segment we will be fol-
lowing only [23] and [30]. The rest of the notions on principal bundles not defined

here are expanded upon in Appendix A.

Definition 2.3.11 Given a Lie group G, a principal G-bundle is a smooth bundle (E, 7r, M)

equipped with a free right G-action and

E E
."J( =bdl lrﬂ
M E/G

where p is the quotient map, which sends each p € E to its equivalence class (i.e.
orbit) in the orbit space E/G. The condition of smoothness for a bundle (E, Tr, M)
is just the requirement that E and M are smooth manifolds and the projection map

7 : E — M is smooth.

Definition 2.3.12 An associated fibre bundle is a fibre bundle that is associated in
a very precise manner to a principal G-bundle. [30] Given a principal G-bundle

(P, t, M) and a smooth manifold F endowed with a left G-action 1>, we can define
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1. Pp:= (P x F)/ ~g, with the equivalence relation ~¢ given by

(p.f) ~c (¢, f) = 3g€G st p=p<gand f'=g '>f (225

and we will write the points of Pr as [p, f].

2. The map 7tr given by

ng:Pr— M
(2.26)

[, f1 = 7(p)

If [, f'] = [p, f], for some g € G then

e ([p', f]) = me(lp<g, g o f]) == m(pag) = n(p) = me(p, f])  (227)

and so the map 7r is well defined. Then we say that the bundle (P, 7tr, M)

is the associated bundle to (P, r, M), F and >.

Associated bundles are related to their principal bundles in a manner that gives
the transformation law for components under a change of basis, which can be seen

exemplified in Appendix B for the concept of frame bundles.

Definition 2.3.13 Let G be a Lie group with Lie algebra g. Given a principal G-
bundle P over a smooth manifold M and the adjoint representation of G, Ad : G —
Aut(g) C GL(g), the adjoint bundle adP = P X, g is the associated bundle to P with
fibre g and representation Ad, where X, is the projection from the bundle onto the
adjoint representation of g, Ad,. [23]

In explicit form, elements of the adjoint bundle are equivalence classes of pairs
[p, x| for p € P, x € gsuch that [p<g,x] = [p, Ad,x], Vg € G. Because the structure
group of the adjoint bundle is composed of Lie algebra automorphisms, then the
fibers carry a Lie algebra structure that makes the adjoint bundle into a bundle of

Lie algebras over M.
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Chapter 3

O(d,d) generalised Geometry

This chapter provides an introduction to generalised Geometry, covering the orig-
inal O(d,d) generalised geometry considered by Hitchin and Gualtieri [15] [14].
This particular geometry is later used in Chapter 6 for an application with con-
sistent truncations on the sphere S3. The current chapter starts with a closer in-
spection of the gauge symmetries of the B-field and the resulting patching rules
for one-forms that are part of the generalised tangent bundle, introduced in the
following section. The chapter continues with the formal description of the O(d, d)
generalised geometry and the differential structures that can be defined on the gen-
eralised space, along with their symmetries under B-field transformations. It con-
cludes with the construction of a generalised Riemannian metric on the generalised

tangent space.

3.1 B-field, Bosonic Symmetries and Patching Rules

The action that describes the bosonic NSNS sector of Type II Supergravity has ex-
tended symmetry beyond the local diffeomorphism invariance from General Rel-
ativity. As it will become apparent in the course of this chapter, the local gauge
transformations of the two-form B-field that need to be included will give rise to
a larger natural O(d, d) structure on the generalised tangent space. [4] More pre-

cisely, the NSNS bosonic symmetry group has a fibre structure that infinitesimally



Chapter 3. O(d,d) generalised Geometry 16

combines both diffeomorphisms and the local gauge symmetry and such a trans-

formation can be expressed as

¢ =+ Log

Bz/ = B;+ L,B; — dA;

where v is some vector from I'(TM), g is the graviton field, scalar field ¢ is the
dilaton and A; is a one-form field from I'(T*M). Note that in order to include the
dilaton as well, the generalised space needs to be extended to O(d,d) x R", but
for the purposes of this chapter we will be focusing only on O(d,d) and the B-
field. Also note that under the transformation for the B-field in 3.1, the action is
invariant since it only depends on H = dB and not on B itself, and d>B = 0 since d
is nilpotent. [4]

Similarly to the electromagnetic field, the B-field is only locally defined since the
only requirement on H is to be a closed form, and so in an overlap of coordinate

patches U; N U; # @ the components of the B-field can be related by

B; = B, — dA; (3.2)

Using 2.14, the Lie derivative of dA;; can be expressed as

since the exterior derivative is nilpotent. Hence the B-field symmetry transforma-
tion from 3.1 can be re-written to obtain the patching rules for the components of

the one-form A; on the overlap

»CvBi — d)\l‘ = ,CU(B] — dA,]) — d)\,‘
(3.4)
= LyB; + diydAjj — dA;
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Hence, one can write

d)L] =dA; + dlvdAl]
(3.5
A = )\]‘ — ivd/\i]'

This specific patching actually describes the components of the generalised tan-

gent bundle E, which will be expanded upon in the next section,
Vi=vi+ A eT(TU; & T*U)) (3.6)
for a section of E on patch U;, with
V; =NV (3.7)
on the overlap U; N U;. The one-forms A;; also satisfy [4]
Ajj+ Nj + A = dAjjx (3.8)

on the overlap U; NU; N Uy, making the B-field a “connection structure on a gerbe”
[16] (i. e. "describing a hierarchy of successive gauge transformations on intersec-

tions" such as the one in 3.8) [3].

3.2 Generalised Tangent Bundle and the Natural Metric

As seen from 3.6, the generalised tangent bundle E over the entire manifold M is
isomorphic to the direct sum between the tangent bundle TM and the cotangent
bundle T*M, i.e.

E~TMaT'M (3.9)
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and we can hence write a generalised vector V € T'(E) as

V= (3.10)

or sometimes for simplicity V = v+ A € T(E), where V is a (d + d)-column vector,
withv € T'(TM) and A € T(T*M). [13]

One can use the patching rules from 3.5, knowing that for two different patches
U; and Uj, the relation between the vectorial components is v; = v}, to express the
relation between the components of the entire generalised vector on the overlap of

the two charts

0; U]'

= (3.11)
Furthermore, one can define the natural metric tensor by the matrix [4]
110 14
1, O

and given two generalised vectors V =v+ A € I'(E), U = u+p € T(TM) use it to
define a notion of inner product of generalised vectors
(,Y:ExXE— A"IT*M

(3.13)
(V,U) — (v,Uu) =viyu

and after plugging in 3.11 and 3.12 one can see that the inner product is given by

1
(v.u) = E()\(u) +0(v)) (3.14)
The natural metric has 2d eigenvalues, with a number of d eigenvalues being
equal to —4 and d eigenvalues equal to 3, i.e. the metric signature is (—1,1). Thus

the group of morphisms that preserves the inner product is isomorphic to the Lie
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group O(d,d) and so O(d, d) is the structure group of the generalised tangent bun-
dle E.

One can note that the dual generalised tangent bundle is also defined, since
the tangent and cotangent bundles are dual to each other, and it is given by E* =
T*M @& TM. This means that given a generalised vector V € T'(E), written in com-
ponent form using generalised indices, the natural metric defines a lowering map
nmn : E — E* given by

nun VM = vy (3.15)

with Vy € T(E*), and similarly the inverse natural metric gives a raising map.
Lastly, one can use the anti-symmetry of the interior product acting on forms,
iyA = o'u'Ayy = —ovMu¥Ay, = —iyiyA, to check the independence of the inner

product 3.14 on the coordinate system

(Vi, U;) = 5 (Miu;) + pi(vi))

(i“i/\i + ivipi)

N =N =N =

(lul(/\] — ivjdAij) + ivj (p] — lu]dAU)) (3.16)

—~

1,. . ..
Vi, Uj) — 5(1“11011\1']' + i i)

= (V;, Uj)
3.3 Dorfman Derivative and the Courant Bracket

Similarly to the notion of a Lie derivative from Differential Geometry as presented
in 2.1.4, one can define a generalization that combines the action of infinitesimal
diffeomorphisms generated by v and local gauge transformations of the B-field,
generated by A on the generalised tangent bundle, given a generalised vector V =
v+ A € I'(E) [4]. This indeed gives an operator Ly acting on another generalised

vector U = u +p € T'(E), called the Dorfman derivative or the generalised Lie
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derivative, and is defined as [13]

Lou
ﬁvu = (3.17)

Lop —iydA
Note that if the point p in which generalised vector U is considered is the origin
(i.e. U € T(Ey)), then Ly is simply the Dorfinan bracket treated extensively in [9].
To be able to write Ly U in a O(d,d) covariant manner, one can write its terms
in a coordinate basis on a chart {U;} of manifold M. The vectorial components are
then v = v"9,, u = u"d,, and we can use 2.10 to obtain the vectorial part (index

M € [1,d]) of the Dorfman derivative
LyUM = Lou = (vPogu® — uPogo™)o, (3.18)

One can similarly use 2.11 to write the form part of the Dorfman derivative

(index M € [d,2d]), with A = A, dx", by first noting that
iydA = 1, ((OvAy — 9uAy )dx” Ndx?) = u”(dyAy — IuAy )dxt (3.19)

where 2.1.2 and 2.1.3 were used. Then one can immediately plug in 3.19 and 2.11

to rewrite the form part of the Dorfman derivative as
LyUM = Lop — iydA = (079,04 + 0,0, 0" )dx" — u" (9, A, — Oy Ay )dxt (3.20)

Collecting all terms in 3.20 and combining with 3.18, one can make use of the
raising and lowering maps of the natural metric to raise or lower generalised in-
dices to rewrite the Dorfman derivative using only the generalised vectors and a

generalised partial derivative operator defined as [4]

dy, Me[l,d]
oM = (3.21)

0 otherwise



Chapter 3. O(d,d) generalised Geometry 21

Hence the Dorfman derivative can be written in terms of generalised objects (as in
[31], [32], [17]):
LyUM = vNoyuM 4 (aMyN — aNvMyry (3.22)

It can also be shown that the Dorfman derivative satisfies the Leibniz identity

3.23, giving E the structure of a "Courant algebroid" [3]:
Lu(LyW) — Ly(LuW) = Lg,vW (3.23)

In a similar manner, one can define a generalised version of the Lie bracket
given by 2.12, called the Courant bracket [6], which is a map [-,-] : EXE — E
taking V, U € T'(E) into another generalised vector [V, U] € I'(E) given by

[v, u]
[v,u] = (3.24)

ﬁvp - EHA - %d(ivp - iu)\)

One can observe that using 3.17 one can write

ﬁvu - Euv
Lyl — LyV = (3.25)

Lop —iydA — LyA +iydp

with Lou — L,0 = [v,u] — [u,0] = 2[v,u] due to the anti-symmetry of the Lie
bracket, which looks closer to the form of the Courant bracket from 3.24. One can
also use 2.14 to obtain for the interior product with respect to a vector of the exterior
derivative of a one-form w, thatis i,dw = L,w — di,w. This can be plugged in to
the second row of 3.25 to obtain

Lop —iydA — LyA +iydp = Lop — LyA — LyA +diyA + Lop — diyp

. (3.26)
=2(Lop — LyA — Ed(ivp —iyA))

Hence one can write that Ly U — LV = 2[V, U] or alternately that

v,uj = %(cvu —Luv) (327)
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i.e. the Courant bracket is the antisymmetrisation of the Dorfman derivative. In fact this
is the formal definition of the Courant bracket and we will be using it from now on
in the subsequent chapters when defining new generalised geometries.

By using both 3.27 and 3.22 the form of the Courant bracket in terms of gener-

alised objects can also be obtained
1
[V, upM = vNoyuM — uNoyvM™ — E(VNaMuN — UnoMVN) (3.28)

and it can also be shown that Ly yjW = L,vW, which is another form of the
Leibniz identity 3.23. The term in round brackets in 3.28 impedes the Courant
bracket from satisfying the Jacobi identity, which means that unlike the Lie bracket,

the Courant bracket does not belong to a Lie algebra.

3.4 Symmetries of the Generalised Geometry Structures

This section will explore the decomposition of the Lie algebra related to the sym-
metry group that preserves the inner product 3.14 and will then study several im-
portant symmetries of the generalised geometry structures with respect to the dif-
feomorphisms and B-field transformations.

The connected subgroup of O(d,d) for which we are interested in calculating

the Lie algebra element is SO(d, d) and it is given by
SO(d,d) = {M € GL(d,R) | M'yM = 5, detM = +1} (3.29)

The corresponding Lie algebra is so(d,d) and thus M = /X € SO(d,d), for t € R
and X € so(d,d). In order to get the algebra element, we identify the Lie al-
gebra so(d,d) with the tangent space T1SO(d, d) at the identity 1. Then for any
X € so(d,d) we can pick a curve a : R — SO(d, d) such that its derivative at 0 is

a'(0) = X. Since for the real parameter g, a(q) € SO(d, d), one can write

a(q)"na(q) =1 (3.30)
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and differentiating with respect to g gives

a'(q)"na(q) +a(q) na'(q) =0 (3.31)
Evaluating at ¢ = 0 gives
Xy +9nX =0 (3.32)
Now one can write the Lie algebra explicitly by working out the linear conditions
B
determined by 3.32. Writing X in generic matrix form X = , 3.32 can be

C D

written explicitly as

T
oA B) 1[0 1) 1o m)(a B
c p) 2\ of 2\, o)\c D
(3.33)
cr AT C D
0= n
DT BT A B

and hence CT = —C, BT = —B, AT = —D and so A = —DT. This gives the final

form of the Lie algebra element X

A B
X = (3.34)
B —AT

where A € EndTM (i.e. A: TM — TM), B € A’T*M (a two-form) and B € A’TM

(a bivector). [19] This gives the Lie algebra decomposition as

so(d,d) = EndTM @ A’ T*M @ A*TM (3.35)

with EndTM = TM & T*M.
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0
The transformation defined by A = applied to generalised vector
AT
V is the diffeomorphism given by
A ed 0 v e
etV = = (3.36)
0 e A e A

and one can easily check that such diffeomorphisms preserve the Courant bracket
AV, W] = [eAV,eAW] (3.37)

00
In a similar way one can consider the B-field transformations B = , for

B 0
which it can be very easily checked that B2 = 0 and by expanding the exponentia-

tion one obtains

1 1, O
BTy + Bt B = | " (3.38)
2
B 1y

and the B-field transformation applied to generalised vector V gives

B 1;]) \A B(v) + A

with B(v) = i,B.

Now one can check if the Courant bracket is preserved by writing

[e2V,eBW] = [v+ (A +ipB), w + (o + iB)]
— [0, 0] + Lo(p +iwB) — Lo(A +isB) — %d(iv(p +iwB) — iw(A +iB))
— [0, 0] + Lop — LA — %d(iz,p —iwA) 4 Lo(iwB) — Lo(ioB) + d(ini.B)
— [V, W] + Lo(iwB) — Luo(ioB) + d(inisB)

(3.40)

where the last line was obtained by noting the antisymmetry of i,i,B.
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In order to continue we note that
and so 3.40 becomes
[eBV,eBW] = [V, W] + Ly (iwB) — d(iwiyB) — iwd(iyB) + d(iyi,B)
- IIV/ Wﬂ + /:'v(in) - iwd(ivB)
(3.42)
= [V, W] + Ly(iB) — i (L,B — ipdB)
One can write in coordinates the second term from the last line as
) J(w'B av*
L,(iyB) = (v"‘(axaw) + w”BWaxv) dx’ (3.43)
and the third term as
, , d(Byuw) ov* ov®
ZwﬁvB = 1y < <UIX Ox® + BW(W + Bavax‘u> dxt A dx") (3 44)
d(B,y) ov% ov” '
— P ZNTHV) iz wg Y v
= <w v e + w B”'Xaxl’ + w B"‘Vaxﬂ>dx
and so combining 3.43 and 3.44
) . JwH ovH .
ﬁv(le) —iplyB = <U{X FIT — waax“> dexv = Z[v,w]B (3.45)
One can then plug in 3.45 to 3.42 and obtain that
[V, ePW] = [V, W] + i[y,) B+ iwiodB (3.46)
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Now applying the B-field transformation 3.39 on the Courant bracket one can

write

PV, U] = e®([v,u] + Lop — LA — %d(i,,p —i,A))
= i[U,u]B + [U, u] + /C’Up - £u/\ - %d(lvp - lu/\) (347)

=[v,uj+ i[v,u]B

From 3.46 and 3.47 one can see that the B-field transformation preserves the Courant
bracket under the restriction that B is a closed form i.e. if 4B = 0.
Lastly it can be checked that both diffeomorphisms and B-field transformations

preserve the generalised inner product. For the B-field, one can easily obtain that

(eBV,eBU) = (v+iy,B+ A, u+iyB+p)

= (0,0 +iyB) + (A +i,B,u)
= S((A+isB)(u) + (p +iuB)(0))
(3.48)

NI~ DN -

(M) +p(2)) + 5 (ioB () + iuB(0))

1. . .y
V, u> + E(lvluB + luZUB)

—~

= (V. u)

where again when going from the fifth line to the last line we made use of the

antisymmetry of i,i, B.

3.5 Generalised Riemmanian Metric

In our theory the antisymmetric two-form field B together with a Riemannian met-
ricg: TM x TM — R (i.e. symmetric and positive definite) play a very important
role. In order to introduce a generalised metric which combines both these fields,
one needs to decompose our generalised tangent bundle into two d-dimensional
subbundles of E, one maximal subspace which we will denote C;. where the in-

ner product is positive definite, and one maximal subspace which we will denote
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C_ where the inner product is negative definite, orthogonal to each other [4]. As
a result, the subgroup of O(d, d) that will preserve both metrics separately is then
O(d) x O(d). [13]

One can then define a generalised metric operator [13]

G:E=C,®C_—E
(3.49)

V=V,4+V_. =GV = <V/'>‘C+ - <V/'>’C7

To find an explicit form of the splitting we also introduce an operator ¢ : TM —

T*M such that for all v € TM one has

~ ~

(v+P(v),v+9P(v)) >0 (3.50)

This then gives the explicit form of the decomposition, with the two subspaces

Ci={v+9.(v)|veTM} (3.51)

where ) = B+ ¢in C; and §— = B — ¢ in C_ to satisfy the definitions for C; and
C_ [13]. One can note that applying the B-field transformation onto the following

object gives:

eB(v+g(v) =v+g(v) +B(v) =v+P;(v) € Cy (3.52)

and similarly

e®(v—g(v)) =v—g(v)+B(v) =v+9P_(v) € C_ (3.53)

This leads us to define an additional pair of subspaces, C; and C_, given by

Ci={v+g(v)|veTM}
(3.54)

C_={v—g(v)|veT™}
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which satisfy

(3.55)

These are thus defined under the condition that B = 0 and they give a generalised
metric G that only depends on g. Note that the decomposition of { with B and g is
due to the fact that { behaves similarly to a (0, 2)-tensor, since it acts on vectors and
gives one-forms, so it can be decomposed into a symmetric (g) and antisymmetric
(B) part.

One can also note that applying G in the following way gives:

G(Vi+V_)=G(20) =V, -V_=2¢(v) (3.56)

GVy—-V_)=G(2¢(0) =V, +V_=20 (3.57)

G = (3.58)

One can also observe that with 3.58 one can show that

GV, =V, andhence GC, =C,
(3.59)

GV_=-V_ andhence GC_ = —-C_

and by using the first lines of 3.59, 3.55 and GC, = C;. from the definition of G and

C,, one can write

C, = GeBCy = GeBGCL =eBC, = GeBG =¢P (3.60)
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From here follows that e BGeB = G ! but we can also calculate the inverse of

G and we obtain that G~! = G. Hence we arrive at e BGe® = G or alternately
G =eBGe™® (3.61)

From this, one can calculate the generalised Riemannian metric G explicitly by
plugging in 3.38 and 3.58 and obtain

_ —1B —1
G= 8 8 (3.62)

g—Bg'B By
The matrix form of the generalised metric G shows explicitly the manner in which
the B-field and metric g are combined and captures the degrees of freedom of the
NSNS sector from Type II theories [22], as detailed in the original generalised ge-

ometry formulation by Hitchin [15] and Gualtieri [14].
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Chapter 4

GLT(d +1,R) Generalised

Geometry

As previously seen in Chapter 3, one can construct a generalised geometry based
on the fibre bundle E ~ TM @& T*M and have a natural O(d, d) action on its frame
bundle. Then setting up a generalised metric G structure gives the degrees of free-
dom of the NSNS sector for Type II theories [22]. This was initially considered
in detail in [15] and [14] but there are other geometries capturing bosonic degrees
of freedom [22] in other types of theories, on different generalised tangent spaces,
such as [19] [25] or [33].

This Chapter studies another generalised geometry centered around a different,
1d(d + 1)-dimensional, generalised tangent space with structure group GL*(d +
1,R). This fibre bundle arises naturally when considering a theory with a d-form
field strength as is the case for the sphere background and as will become apparent
shortly.

The Chapter starts with an introduction and motivation for the generalised tan-
gent space, showing how it parametrises the symmetries of the theory via the Dorf-
man derivative and how this defines specific patching rules that give the composi-
tion of the bundle. It then proceeds with the introduction of a generalised metric
and a definition of conformal split frames that will be used in the next Chapter to

provide a notion of GL™ (d + 1, R) generalised parallelisability on spheres.
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4.1 Generalised Tangent Space, Patching Rules and Dorf-

man Derivative

The purpose of extending our geometry to this generalised version is, as it was
the case previously, so that the new generalised tangent space can parametrise the
infinitesimal symmetries of the theory. Similarly to O(d, d) generalised geometry,
these symmetries are diffeomorphisms, parametrised infinitesimally by a vector com-
ponent v and gauge symmetries, parametrised infinitesimally by a form component
A. The difference from the O(d,d) case is that now we are interested in a theory
in d dimensions with a d-form field strength F = dA on a round sphere S?. This

prompts the following gauge symmetry for the potential A:
A = A]' + dAij 4.1)

on a patch overlap U; N Uj, with A being a (d — 2)-form.
Adding up the number of degrees of freedom we obtain a total space E with

dimensionality
. . . 1 1
dim(E) = dim(v) + dim(A) =d + Ed(d -1)= Ed(d +1) (4.2)

which gives the generalised tangent space

E~TM& A2 T*M (4.3)

Then a generalised vector V € E can be written as V = v + A and is given in
components by

vm
M = (4.4)

)\ml...md_z

with the patching rules on the overlap U; N U; for E as per usual [22]

v; + )Ll' = + )\] + ivjdAij (45)
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Here v; € TU; and A; € A 2T*U,. Considering a choice of connection A and
generalised vectors V € TM @ A’ 2T*M and V € E, one can then define the "A-
shift operator” [22] that gives the isomorphism between E and TM & AN2T*M

V=>0+A+i;A=eV (4.6)

Sections of the bundle E transform in a very natural way under the action of
structure group GL*(d + 1,R) in the }d(d + 1)-dimensional bivector representa-
tion [33], which can be seen explicitly by writing the generalised vector components

as [22]

ymidtl — pm e TM
yM = ymn — (4.7)

ym — Amt e A2TM @ detT*M ~ A2T*M

where we are using a generalised vector index M given by the antisymmetric pair
[m,n],m,n €1,...,d+1 of indices in GL"(d + 1,R) and the isomorphism in the

second line between bivector densities and (d — 2)-forms is given through [22]

1

A — 5 !emnpl...pd,z)\p (4.8)

1---Pd—2

There is also a natural definition of a generalised partial derivative operator that
is embedded in the dual generalised tangent space E* ~ T*M & AY~2TM through
the map T*M — E* and is given by [5]

Oyn =0 e AT 2TM

LetV = v+ Aand W = w + u be two sections of generalised tangent space E.

Then the Dorfman derivative is written via 3.17 in the usual way

LyW = [v,w] + Loy — ipdA (4.10)



Chapter 4. GL*(d +1,R) Generalised Geometry 33

with the generalised Lie bracket written as mentioned before via the antisymmetriza-

tion of the generalised Lie derivative i.e.
1
V,W] = E(LVW —LwV) (4.11)

Considering the ordinary Lie derivative acting on a vector 2.10, one can see that
if we write the dv in the second term as a matrix A%, := 9,v?, we can consider the
second term as the adjoint action of gl(d) on vector u. In a similar manner one can
write the analogous part from the explicit equation of the Dorfman derivative as
the adjoint action of the Lie algebra of the structure group and obtain the result
from [5]

(LyW)M = (V- 9)WM — (3 x g V)M WV (4.12)

where the corresponding adjoint bundle taken from [22] is given by
adF ~R& (TM@TM)® A" I TM @ AT M (4.13)

showing the decomposition of the Lie algebra and x,; is the projection to the ad-

joint representation of Lie algebra gl(d + 1,RR), i.e. to the adjoint bundle ad F
Xz E*®E — adF (4.14)

One can plug in the matrices and calculate explicitly the contraction and the
adjoint projection in order to obtain the two terms in the expression of the Dorfman
derivative [22]

1
V-o=VMay = V"0 = 0"

1

(4.15)

which gives the manner in which the generalised tangent space parametrises the

two infinitesimal symmetries of the theory.
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4.2 Generalised Metric and Conformal Split Frames

Similarly to the O(d, d) case, a generalised metric G is parametrised by the degrees
of freedom of the theory. In the GL™ (d 4+ 1, R) case, there are the bosonic degrees of
freedom given by the (d — 1)-form A and 2-form g, as well as an additional overall
scale factor A, linked to warped compactifications in Supergravity theories [3].
This means one can extend 4.6 to write V = ¢V and using the contraction
of two generalised objects from the first line of 4.15, where 0 is replaced by another

generalised vector, one can obtain the matrix form of G, given in [22] as

G(V,V) = GunVMVN

. 1 y i
= gm0" 0" 4 g8 R a A
1 M g
—_yT.p. 28 gmn + mz‘lmm M2 A — A, »
Anm1--.m472 (d _ 2) !gml...111‘7,,2,111...;11172
(4.16)

Here g"-Mi-2M-Mi-2 — glmlm  omi2lti2 separately antisymmetrised on differ-
ing indices and G is invariant under subgroup SO(d + 1) [22].

However, instead of writing the generalised metric with four indices in compo-
nents as above, there is a more intuitive way of showcasing the SO(d + 1) invari-
ance. One can instead make use of the determinant bundle detTM = A?TM and

its dual detT*M = A?T*M to define the following bundle [22]

W

12

(detT*M)Y? @ (TM @ AYTM)

12

(detT*M)"? @ (TM & (detT*M) ™) (4.17)

12

(detT*M)2 @ TM @ (detT*M)~1/2

for which one can note after the above isomorphism that its sections K € W,

K = g+t will transform in the (d + 1)-dimensional fundamental representation
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of GL"(d 4+ 1,R) and they can be labelled via one index only, namely

Vit =g" ¢ (detT*M)"2® TM
K™ = (4.18)

Vil =t ¢ (detT*M)~1/?

while we can link E with W via E = A?W.
We can then write the new SO(d + 1) invariant generalised metric, now labelled

only by two indices, on the bundle W, which in [22] is given as

G(K,K) = G K™K™

—A A" (4.19)
_ KT, e " mn Imn K

V8 \ g, AP detg + gp AP AT
and with A™ being the equivalent to A, ., , from 4.16 in terms of vector-density
[22]. With this and the relation between E and W, the generalised metric on E can
be simply written as
1

We can now define a local orthonormal frame for G, i.e. a set of GL*(d + 1,R)
bases of E, labelled {E#}, where by GL* (d + 1,R) basis we understand a basis re-
lated to a local coordinate basis on a patch of E viaa GL* (d + 1, R) transformation.

This in term defines a principal sub-bundle of the frame bundle of E, which is the

generalised GL*(d + 1,R) structure bundle F [3]
F={(x,{EA}) |x € M,{Es}isa GL"(d + 1,R) basis of E} (4.21)

with fibre GL™ (d + 1, R). Now let é, be the usual orthonormal frame for TM and e”
its dual counterpart for T* M. We can define a new class of generalised orthonormal

frames that depend on these conventional frames and the isomorphism 4.3, given
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by the following splitting [22] [3] [4]

. Ea,d—i—l =eb (éa + iéaA)
Eij = (4.22)

£ _ 1 A _
E.p = @a® €abey...cq 6 N+ N efd2

They are called conformal split frames for E (simply "split frames" if A = 0) and their
class defines a sub-bundle of F. Note that their labelling is through antisymmetric
SO(d + 1) indices (i, j) due to the frames transforming as 2-forms under this group

[22]. They satisfy by definition the orthonormal condition
G(Eij, Ex) = 6idj1 — 0udj (4.23)

If we want to build a similar frame on the space W, we can define it through
Eij =E A Ej, where E; is the new frame, and we can also write its dual £/ € W* as
given in [22] via

‘ E° — g—1/4e—A/2(ea — e A A)
Fi = (4.24)

EiH1 = g=1/4=8/2y0],
With the dual frames on W defined one can simply express the generalised met-

ric for W from 4.19 using

Gmn = 51‘]‘51@% (4.25)

And we should also note that a local SO(d + 1) rotation U of the generalised

frame

El = Uru'Ey (4.26)

renders an equally valid frame [22].
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Chapter 5

Spheres and Generalised
SL(d +1,R) Scherk-Schwarz

reduction

Given a regular tangent space TM from non-generalised differential geometry, if it
admits a global frame i.e. a set of globally defined basis vectors that form a smooth
vector field this means the space is topologically trivial and we call it parallelisable
[22]. When it comes to spheres, similar notions of parallelisability have only been
proven to exist for S!, S and S” [1] [21]. By employing the GL*(d + 1,R) gener-
alised geometry however, [22] shows that if the tangent bundle on the sphere is
trivial (i.e. admits a global generalised frame), this extension of the geometry de-
fines a concept of "generalised parallelisability" that can be applied to all spheres.
This Chapter will follow [22] to introduce this notion of generalised parallelis-
ability for the S after defining an appropriate global frame on the sphere and pre-
senting some key geometry characteristics of the space of S. It will then introduce
the notion of a generalised Scherk-Schwarz [29] reduction on this global frame and
will show how the resulting fields match the standard scalar field ansatz for con-

sistent truncations on spheres [22].
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5.1 The S Sphere as a Generalised Parallelisable Space

We start with a theory in d dimensions that has a d-form field strength F = dA
as mentioned previously and that gives a metric solution corresponding to a S¢

sphere. Such a theory needs to solve the following equations of motion

1
Rmn - ﬁngmn

o (5.1)

F=

VOlg

where R is the radius of the sphere, F?2 = %F mMemapy,  m, and g is the metric form
field from the theory [22].

Starting with the Cartesian coordinates x' = ry' and constrained coordinates
(51-]-yiyj = 1 that give the equation of the sphere, we will be following [22] to intro-
duce several key objects from the geometry of S? with radius = R that will be

employed in the next sections. The metric g on the sphere is [22]

ds® = R%5;dy'dy’ (5.2)
Additionally we have
o 9 Kk
P yzg =+ " (5.3)

We have d + 1 conformal Killing vectors k; obeying [22]
Lyig=-2y'g (5.4)
with the metric components being written as [22]
§"" = R267k;"k;" (5.5)

This can be obtained by writing ¢ = dx'dx;, with w; = % and in terms of the

radius, § = dr? + r?g, with ¢ = 5ijdyidy7 . Since the Killing vectors preserve the
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metric and the flows generated by the Killing vector fields are continuous isome-
tries of the manifold [34], one has the condition £,,¢ = 0. By calculating w; using
5.3 and substituting it and ¢ into the condition, one can obtain the relation for con-
formal Killing vectors 5.4.

From [22] we also have that
ki(yj) = ixdyj = R72g(ki, kj) = R*¢™ ' (dy;, dy;) = 6ij — yi; (5.6)
Following [22] one can also define the SO(d + 1) rotation Killing vectors:
vij = RN (yik; — yiki) (5.7)
which satisfy [22]
[vij, 0] = R™ (8ixv1; — 8y — Sjicvii + 6j10ki) (5.8)
and additionally from [22] we have

Loy = R (yidix — v
/ Yo =i (5.9)

ﬁvi,‘dyk =R (dyi(sjk - dyféik)

For r = 1 on the sphere the volume form on S? can be calculated following
[11]. A similar procedure can be employed for » = R and by writing in terms of
the totally antisymmetric symbol € and radius R one can give the volume form

according to [22] as

d

= Weil__.idﬂyildyiz Ao Adyan (5.10)

VOlg

We also define the 2-form w given by [22]

wij = deyi VAN dyj (5.11)
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which geometrically can be interpreted as the projection from the tangent space at
the pole onto the rest of the sphere. Hence, we can now define a key object for the
structure of the generalised frame, given by the Hodge dual of w and interpreted

as its orthogonal complement [22]

Rd—Z

0ij = *ij = gy ik iy AYE A Ay (5.12)

After introducing all the important geometry elements from above, we can now

proceed to define the generalised global frame by [22]

A

Eij = 0jj + 0jj + ivijA (5.13)

with A being the potential that gives the d-form field strength F = dA. Addition-

ally from [22] we have the contractions for v and ¢ given by

vij - o i= (V)" (Ok)m = YiYrOj1 — YiYxdir — YiYidjx + YjY10ik (5.14)
and
= # L\ Mg

Uz] Okl = (d — 2)! (Uz]) (Ukl)ml...md,z
= 001 — idjk — (Yivkdji — Yiykdit — Yividjk + Yiyidik) (5.15)
= 0ikdj1 — 0i10jk — Vij - Vgl

Hence one can see that

G(Eij, Ex) = vij - v + 03j - 01q = Subji — 56 (5.16)

which is the required orthonormality condition 4.23, making our frame orthonor-

mal to the generalised metric on S%. The dual frame is also globally defined in [22]

by

E'= ¢ V*(Rdy' + y'volg — Rdy' A A) (5.17)
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and one can check that because dy; = 0 only when y? = 1 due to the constrained
coordinates, the dual frame is also non-vanishing.

In order to arrive at the notion of trivial space and generalised parallelisability,
we need to calculate the generalised geometry equivalent of the Lie bracket algebra
for our generalised frame. Starting with the Dorfman derivative given by the usual

expression, we obtain

L, Ex = [vij, 0] + Loy (011 + i, A) — i, (03 + i, A)
= [Uij/ Ukl] + Evijo'kl + Evij(ivk;A) — Ty (dO’ij + divi].A)
= [Z)i]', Ukl] + Ev,-jakl + ﬁv,-]- (ivklA) — Iy (dO’i]' + ﬁyi].A - iz],-jdA) (5.18)
= [Uz’j/ Ukl] + ‘Cvijakl + EU{j(ivklA) - iUkz(‘CUijA) - ivk:(daij - iUijP)

= [vij/ Ukl] + Evijakl + i[Uzj,Ukz}A — ivk; (dO’ij — iv,-jF>

where in going from the second to the third line we used 2.14 and from the fourth
to get the fifth line we used 3.45.

In order to proceed, we can write F = R™1(d — 1)voly from the equations of
motion 5.1 so that i, F now depends on iy, vol,. The Lie derivative of ¢ is given by
[22] as

Lo,01 = R™ (601 — 810k — 6jx01i + 610%) (5.19)

and we now only need iy, vol,

, RI1
zvl.jvolg = _m(yiejkl---kd — yjeikl_nkd)ykldykz AREEWAN dykd (5.20)

We can use the antisymmetry of € i.e. Y[i€i..i,.,] = O to rewrite 5.20 according to
[22] as
. Ri-1(d -1
i Vol = — (51(—1)!) Yk, €iikn.de,y 1y A - A dy)
RT k k 5.21
= gy YA Ay (5:21)
R

= 7=19%
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Now we can use 5.21 to write iv,.jF as
iy, F = R71(d — 1) iy, vol, = doj; (5.22)
which in turn cancels the term in round brackets from 5.18 and hence we obtain
Lﬁijékl = [0, o] + Loy0a + ifp,; 0, A (5.23)

One can now use 5.19 and the previous result from 5.8 to re-write the gener-

alised Lie derivative for the frames as

Lﬁijékl = RN (6501 — Syvn; — Sixvii + 80k + Six01j — 6310%j — S0 + 850%i) + Io,00) A
= R (i (v3j + 01)) — 831 (vxj + 0kj) — S (01 + 011) + 81 (vii + 01i)) + A([vij, vu))
= R (i (vyj + 017) — 8t (vxj + 0kj) — S (01 + 013) + 1 (vii + 0%i)

+ 0 A(vyj) — 6 A(vkj) — O A(on) + 0 A(vki))
= RN (63 (vgj + 01 + i, A) — i1 (0kj + O + i, A)

— Ojk(vii + 013 + io, A) + 01 (Oki + Oki + 10, A))
= R (0iEyj — 63 Exj — 6B + 63 Exi)
= [Eij, Ex]

(5.24)

and so the generalised Lie bracket algebra we needed is actually the Lie algebra
s0(d + 1) [22], which as it will become apparent in the next section is the key result

we needed for the notion of generalised parallelisability.

5.2 Generalised SL(d 4+ 1,IR) Scherk-Schwarz reduction on
the Round d-Sphere

The result in 5.24 has shown that from the standpoint of generalised geometry the

sphere S? behaves like a local group manifold, i.e. it is generalised parallelisable,
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similarly to a regular parallelisable manifold that has the form of its Lie bracket

algebra of frame é, given by [22]
[€a,8] = faréc (5.25)

with constant f,,°. For the case of the conventional parallelisable manifolds it was
proven that if fabb = 0 the space admits consistent truncations [10] [7] and the
subsequent truncated theory has scalar fields that correspond to a Scherk-Schwarz
reduction [29] [28]. Such a reduction consists of constant GL(d.R) rotations of the
frame on the manifold, given by &, = U,"(x)é,, with ¢"™" = H®(x)é"é and sym-
metric H = §"U,°U," [22].

This prompts the notion of a generalised Scherk-Schwarz reduction
El; = U () U (x) Ey (5.26)

given via the frame deformations U;*(x) € GL(d + 1,R) that depend on the coor-
dinates in the non-truncated space but are constant on M. Defining the symmetric
matrices TH = §'/ u/‘ujl, we can write the inverse of the generalised metric in the

previous chapter, given in [22] by

MN _ ki pman

and given explicitly in terms of A’, ¢’ and A’ in [22] by

/ / /
G/MN ezA/ 8 mn 8 mpA pny...ng—q

g’npA’me..md_1 (d_2)!g/m1--.md,2,n1...nd,2 +A/pml...md_zA/pnlmnd*z
(5.28)

Expressions 5.27 and 5.28 can be compared to obtain equations between the

fields and the symmetric T matrices. Following the analysis detailed in [24] and
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[22] one can eventually arrive at the result

R? o
2 _ -1 i j
ds™ = (Tklykyl)Z/(d—l)Tij dy'dy
! Rdﬁl ilj iz i3 d+1 (5 29)
4 _2(Tklykyl)(d—2)!€i1"‘id+](T y)yPdy® A AdyTT 4+ A :
eZA' _ (Tklykyl)(dfs)/(dq)

which is in agreement with the scalar field ansatz for consistent truncations on

spheres [22] [24].
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Chapter 6

Consistent Truncations on S°

The classical Supergravity sphere solutions for S® are given by the "near-horizon
Neveu-Schwarz fivebrane background" [22] and correspond to a S® consistent trun-
cation to a seven-dimensional gauged Supergravity theory, as shown in detail in [8].
This Chapter will start by presenting the explicit context of generalised parallelis-
ability for the 3-sphere, following [22] and will then continue with a discussion on

the relation between this context and gauged Supergravity.

6.1 SO(3,3) Generalised Geometry on the 3-Sphere

The solution of the near-horizon limit for NS fivebranes in type II Supergravity was

given in [2] by

ds? = ds?*(R>1) + d#? + R?ds?(S°)

H = 2R 'vol, (6.1)

t
TR

and corresponds to a "3-sphere times a linear dilaton background", with R the ra-
dius of S® [22]. From the standpoint of GL*(d + 1,R), i.e. GL"(4,R) generalised

geometry our generalised tangent space is in this case

E~TM&T'M (6.2)



Chapter 6. Consistent Truncations on S° 46

with structure group O(d, d) [22] as previously reviewed in Chapter 3. We can iden-
tify B = — A to preserve the conventions that we previously employed in O(d, d)

and define the generalised frame by

N

Ei]' = 0jj + 0jj — iyi]-B (6.3)

We then proceed to define the left-invariant and right-invariant vector fields on

the 3-sphere given in [22] by

ly =1 +ily = R'e™¥ (g +icsc0dy — icot0dy)

I3 =R 19,
' (6.4)
ry =1 +ir, = R ' (9y + icot 0y — i csc 03y)
13 = R*184,
and similarly the left-invariant and right-invariant one-form fields on S° [22]
A, = Re (df 4 icosbdg)
Az = R(dy + cos 6d¢)
' (6.5)
p+ = Re'?(d6 + isin0dy)
p3 = R(d¢ + cos 6dy)
in the usual spherical notation. Additionally we choose the gauge [22]
B = 2R cos0d¢ A dy (6.6)

We can define the left- and right-invariant bases for the two tangent spaces that
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compose our generalised bundle through the "anti-self-dual and self-dual combi-

nations of ﬁij", explicitly via [22] by

E_L|_ :l+—/\+—l’l+B

" (( R™19p — RdO) +icscO(R 19y — Rd¢p) —icotO(R9y + Rdlp)) (6.7)

Ef =13— A3 —i,B=R"'9y — Rdy
and

AR )
EY =ry—py —i, B

= ((R*lae + Rdf) +icotd(R 9y — Rdp) —icscO(R 9y + Rdl[))) (6.8)

E‘g =713 —pP3 — ir3B = R_18¢ + Rd(P

One can check they are orthonormal since given

. ER
Ea=|"
E}
we can write
A Sab 0
n(Ea Bp) = | "
0 —dz
A 1) 0
GEa Eg)=| "
0 Iz

(6.9)

(6.10)

where G is the generalised metric without warped compactification factors and 7

is the O(3,3) metric (V,V) = i,A for V.= v+ A [22]. Similarly, the Dorfman

derivatives on the frames can be shown to be [22]

LEﬁL Az% = IIEAzgl Eﬂ = R_led'cécé
Lﬁﬁﬁllj = [[E»l;f Aﬂ = Rileabcéc
[

(6.11)
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and we obtain the su(2) x su(2) algebra.

6.2 S°and Gauged Supergravity

There is a well known result [8] that a type II Supergravity consistent truncation
exists on the 3-sphere and the truncated theory is a maximal 7-dimensional SO(4)
gauged Supergravity [22]. More explicitly, in order to define a gauged Supergravity

the following condition is required [27]
[Xa, Xp] = —Xap“Xc (6.12)

where X 45 is the embedding tensor of the theory [22]. From the standpoint of the
generalised geometry this constraint comes naturally from the Leibniz identity of
the Dorfman derivative for the frame, X being encoded in the frame algebra [22].
Additionally, one can calculate in a similar manner to the previous section the
scalar fields for the truncated theory, the B-field and the metric for this particular

case. These are given in [22] by

” _ —173.,i73,,]
= Ty, i WY
, R? - S ‘
B = gy i (T )y dy” Ady™ + B (6.13)
e =1

with a trivial warped compactification factor. By comparing these results with the
fields in [8] for the consistent truncation on the 3-sphere one can see they are in

complete agreement.
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Chapter 7

Further Considerations and

Conclusions

This work presented an introduction to the mathematical framework of Gener-
alised Geometry (GG) through the O(d,d) GG, and then described in a unifying
approach the "maximally supersymmetric consistent truncations" [22] through this
generalised geometry framework in the form of the GLT(d+1, R) GG.

We showed that there is natural notion of generalised parallelisability on M,
analogous to the concept of a local group manifold but given in terms of the gen-
eralised geometry if the generalised tangent space E admits globally a generalised

frame {E 4} that satisfies

e

Ly, Ep = Xuap“Ec (7.1)

A

where Lg Ep gives the generalised Lie derivative of the frame and X 43° is constant.

The existence of the generalised global frame then leads to the consideration of
a generalised Scherk-Schwarz reduction by a rotation of the frame, with X5 as
the embedding tensor of the truncated theory [22]. This allowed us to present the
proof that all round spheres admit such generalised parallelisations by calculating
the generalised Lie bracket of the generalised frame. As a consequence, all sphere
compactifications can be viewed in the same "algorithmic" way from the perspec-

tive of a generalised Scherk-Schwarz reduction.
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One potential area of future study on this matter can be on proving the con-
sistency of the truncations. In presenting this work we employed the conjecture,
based on analogy with the conventional case, that there is a consistent truncation
given a generalised parallelisation, but we have not fully proved this. Rather, we
just presented the agreement with the scalar field ansatz.

Another potential subject that arises from the work presented here is the classi-
fication of the manifolds M that admit such generalised parallelisations through the
globally defined generalised frame. This can potentially lead to a "class of maximal

gauged supergravities that appear as consistent truncations" [22].
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Appendix A

Principal Bundles extended

We will define in this Appendix the rest of the key notions building up the concept

of Principal Bundles not covered in 2.3.11, following primarily [30].

Let (G, o) be a Lie group and let M be a smooth manifold.

Definition A.0.1 A left G-action on M is a smooth map

>:GXxM—M
(A1)
(&p) = grp
that satisfies:
eVpeM, e>pp=p
*VpeEM, Vg8 €6, (81082)>p =g1>(20p)
and a manifold that has a left-G action is called a left G-manifold.
Definition A.0.2 A right G-action on M is a smooth map
GMxG—->M
(A.2)
(p.g) = pag

that satisfies:
eVpeM, edp=p

e VpeEM, Vg1,$2€G, pa(gr1982) =p<(819%2)
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and similarly, a manifold that has a right-G action is called a right G-manifold.

Definition A.0.3 If we have a left G-action > : G x M — M, the orbit of p, for each

p € M is defined as the set

Gp:={geM|3gcG st g=g>p} (A.3)

It can be shown that given a left G-actionon M > : G x M — M, we can define
a relation on M, p ~ g, given by the statement: dg € G s.t. g = g> p, thatis an
equivalence relation on M. [30] Then by definition A.0.3, the equivalence classes

of ~ are the orbits.

Definition A.0.4 Then with the above-mentioned left G-actionon M > : G x M —

M, we can define the orbit space of M as

M/G:=M/ ~={G,|pe M} (A.4)

Definition A.0.5 Given a G-action on M, i, the stabiliser of p € M is a subgroup of
G defined as

Sp:={gcGlgrp=rp} (A5)
Definition A.0.6 A left G-action>: G x M — M is said to be
1. freeif Vp € M, then S, = {e}
2. transitiveif Vp,qg € M, 3¢ € G s. t. p=g>p

It can also be shown [30] that given a > : G x M — M free left G-action on M, for
peEMandg, $€G
QIPP=%>p & g1=8 (A.6)

and then

VpeM : Gp gdiff G (A7)

with all the above-mentioned concepts in the end naturally leading to the notion of

Principal Bundle defined in 2.3.11.
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Appendix B

Frame Bundles

In this section we will be following [23] to introduce the concept of Frame Bundle,
which is used later when defining conformal split frames on the GL*(d + 1,R)

generalised geometry.

Definition B.0.1 Given a tangent bundle TM over an m-dimensional manifold M,
the frame bundle LM = ngLpM is a principal bundle associated to TM, with
L,M being the set of frames (all ordered bases) at p. We can write a frame u =
{X1,..., X} at pas Xp = X',9/0x#|,, with1 < & < m, in the natural basis
of T,M, {0/0dx"}, with coordinates x" on patch U;. Here {X,} are linearly inde-
pendent since components (X#,) € GL(m,R). LM has the structure of a bundle

defined through the following components:

1. The action of 2 € GL(m,R) on the frame u is given by (u,a) — ua, where ua

is the new frame at p defined by

Y/g = Xaﬂwlg (Bl)

We can show ([30]) that GL(m, R) acts transitively on LM, since we can always

find an element of GL(m, R) that satisfies B.1 for any {X,}, {X;}.

2. We can define 7ty : LM — M as 7ty (1) = p, for frame u.
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3. For pin an overlap of two charts, U; N U;, with coordinates x¥, x" respectively,

we have

Xy = X"0/0xt|, = Xia/oy"|, (B.2)

with the X matrices being part of GL(m,R). The relation between the two is

Xty = (oxt/ ayv)pf(ﬁf and so the transition functions will be

ti(p) = ((0x"/dy"),) € GL(m,R) (B.3)

and so LM is a frame bundle with the same transition functions as initial

tangent bundle TM.
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